G R PG - 257

IV Semester M.Sc. Degree Examination, June/July 2014
(RNS) (2012-13 and Onwards)
MATHEMATICS
M-401 : Measure and Integration

Time: 3 Hours Max, Marks - 80

Instructions : |} Answer any five questions chovsing atlgast two from gach
Part.

i} All guestions carry equal marks.

PART -4
I a) Define o —aigebra, Prove thal outer measure i5 finitely additive over disjoint
sals 4

b} State and prove countable additive property for Lebesgue measurable sets. 4

¢) Prove that the interval (a, =) is measurable and deduce that every Boral sat
is measurable. 8

2 a) Construct Cantor ternary set from [0, 1]. Show that Cantor's lemary sat is:
uncountable bul has measure zero. a

¥

b) Showthat m* Uhn}g_im*ﬁ.. for any countable collectian (A, ) of sets in B,
LA=1 n=1

Deduce that measure of any countable set ls zero. 8
4. a) Letfbemeasurable functionand B be a Borel sel. Then prove that (B} s a
maasurable set 7

b) Let {1} be a sequence of measurabile functions defined on a set of finile
meastre and let f be a real valued measurable function on E such that {f_(x)]

converges to f(x} forall x e E. Then prove thatgiven & >0 and & >0 thera Is

a meastrabie set A — E with m(A) < 5 and & positive Integer N such that for

xeE-A, wahava|t._i::~:}—.f{x}|r.a foralln =N &
c) It is a measurable functlon on E, then prove that | 1| is also measurable. 3
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~a) Lettand g be two non-negative mﬁasumhla tunctions and If £ is Integrable

a) Stateand prove Egroff's theorem. | B
by Show thata continuois function ovar a mieasurable set E is a measurable
function. 3

) LetEbea Lebasguﬂ.rﬁaa_sumﬁm sat with linite measure. Fora given e 0,
prove that there exists a finite union ) of open intervals such that m(EAU} < £
where EAU = (E-U) L (U-E). 7

PART-B
a) Itt and g are bounded measurable function defined on a set is linite
Then
) fat+bg=a ft<bjg
= £ K
iy 1t =g almost everywhera, then [1= g

E E
i) 1ff < g almast verywhers [f< [gand | ft]< fi1]. &
by) State and prove Monotone uu‘ﬁiérg;ma ﬂi&jmmf | B
¢} Let (U |7, beasequence ot nun-nagaﬂve measurable function and let
f= ;:tur. a.e. on E then. prove that Ji‘ =Z Ejuﬁ. 4

aver £ and g(x) < H{x} on E then prove that g is alsa integrable over E and
Ji=a=Ji-1g 4
= E E

b} Il is an integrabie function on a measurable set E, then prove that [ | is also

! 5

integrable and _H Hax =
: E

) Déline a function of bounded vanation lifisa bounded variation on [a, B].
then prove thal

Ty < PL+ N and

Ifb) = Ha) = P —N; 7
a) Establish Vitall covering lemma g
b) Ciafine a summable series. Prove that & normed linear space X is complete it

and only If every absclutely summable senies in X is summable, L

a) Assuming Holdars inequality in [F (T=p=), prove Minkowski's inequality B
1y} State and provs Riesz-Fischertheoram. B




